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The s h e l l  model approach t o  r e a c t i o n  t h e o r y  (SMART) [ l ]  
. p r o v i d e s  an e x a c t  e x p r e s s i o n  €or nuc leon  r e a c t i o n  a m p l i t u d e s  i n  
terms of m a t r i x  elements between A-nucleon e i g e n s t a t e s  of a 
model Hami l ton ian  tio. T h i s  t h e o r y  res ts  on an  e x p r e s s i o n  f o r  
t h e  r e a c t i o n  m a t r i x  element [ 2 ]  d e r i v e d  from a f o r m u l a t i o n  of . 
r e a c t i o n  t h e o r y  i n  which t h e  s c a t t e r i n g  s t a t e s  a r e  n o t  a s y m p t o t i c  
I n  t h i s  r e s p e c t  
SMART differs f rom s u p e r f i c i a l l y  similar a p p r o a c h e s  [ 31 which 
arg based  on approx ima t ing  n u c l e a r  s t a t e s  of s h e l l  model wave 
f u n c t i o n s  i n  some a d a p t a t i o n  of  t h e  t h e o r y  of Feshbach. 
The model H a m i l t o n i a n  H 
t o  t h e  s h e l l  model of l i g h t  8 u c l e i  
' 
- s o l u t i o n s  of t h e  exac t  S c h r o d i n g e r  e q u a t i o n .  
of t h i s  p a p e r  is t h a t  which l e a d s  
0 
.. . 
The c e n t r a l  p o t e n t i a l  U i s  chosen t o  be r e a l ,  f i n i t e ,  and 
s p h e r i c a l l y  symmetr ic ,  a l t h o u g h  t h i s  last i s  n o t  n e c e s s a r y .  ' 
The H t h e r e f o r e  h a s  b o t h  d i s c r e t e  and cont inuum A - p a r t i c l e  
s t a t e g  
(2) + t % XT = Ea&-  H o l n >  = &,In> 
wh ich  a r e  s i m p l y '  c o n s t r u c t e d  from t h e  bound and cont inuum s t a t e s  
of U. With t h e  zero  of e n e r g y  d e f i n e d  f o r  t h e  s t a t e  w i t h  A - 1  
n u c l e o n s  i n  t h e  l o w e s t  bound s t a t e s  of U and one  p a r t i c l e  i n  t h e  
cont inuum s t a t e  of z e r o  ene rgy ,  t h e  discrete bound s t a t e s  of H 
will occur a t  b o t h  n e g a t i v e  and p o s i t i v e  ene rgy .  
c h o i c e  of H 
With a s u i t a s l e  , 
a co r re spondence  i s  e s t a b l i s h e d  be%deen t h e  s t a t e s  
9 
. -  
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c' of H and t h o s e  of  H by an a d i a b a t i c  t r a n s i t i o n ' f r o m  H t o  H. 
g e n e r a l l y  ? v o l v c  
. i n t o  t h e  bound s t a t e s  of H,  and t h e  d i s c r e e e  p o s i t i v e  e n e r g y  
The g e g a t i v e  e n e r g y  ( d i s c r e t e )  . s t a t e s  of H 
s t a t e s  of H, go i n t o  t h e  r e s o n a n t  continuum s t a t e s  of H. 
The S -ma t r ix  element 
a p p e a r s  t o  come from an approx ima t ion  i n  which wave f u n c t i o n s  
f o r ' t h e  i n i t i a l  and f i n a l  s t a t e s  a r e  approximated  by e i g e n s t a t e s  
of H However, t h e  c o r r e l a t i o n s  i n t r o d u c e d  i n t o  b o t h  t h e  t a r g e t  . 
and g c a t t e r i n g  wave f u n c t i o n  a re  i n c l u d e d  th rough  t h e  r educed  
t r a n s i t i o n  operator&-, which s a t i s f i e s  
.- 
V 5 H - H, + (Ene rgy  S h i f t )  ( 4 )  
For  a p r o p e r  c h o i c e  of  H t h e  observed  r e s o n a n c e s  i n  Sba W 
will a r i s e  from s i n g l e  p a r t i c y e  continuum r e s o n a n c e s  i n  t h e  
fc&se l a t t e r  r e s o n a n c e s  a r e  e x h i b i t e d  e x p l i c i t l y  by 




n . . .  where  b7 i s  a non- re sonan t  e f f e c t i v e  i n t e r a c t i o n . '  The o p e r a t o i d -  
. does n o t  c o n t a i n  t h e  r e s o n a n c e s  a r i s i n g  f rom d i s c r e t e  s t a t e  o f  Hop b u t  it d o e s  c o n t a i n  t h e  s h o r t  r a n g e  m o d i f i c a t i o n s  o f  t h e  
tyo -nuc leon '  i n t e r a G t i o n  due' t o  v i r t u a l  t r a n s i t i o n s  t o  t h e  h i g h  
momentum cont izuum s t a t e s  of Ho. 
e q u a t i o n  f o r  
- 
T h i s  can be s e e n  from t h e  
4 
. ( 6 )  -1 
A 
J =  v + v ( E + - H ~ )  p C 4 -  
0 where  Pc p r o j e c t s  on t h e  cont inuum s t a t e s  of  Hd. 
' of t h e  f i n j t e  s e t  of d i s c r e t e  g t a t e s  In> of H found by d i a g o n a l i -  
z i n g  ( H o  +3). 
complex and t h e  a d j o i n t  % t a t e s  X 
t h e  Xn.  R e i s  u s e g ' i n  t h e  d i a g o n a l i z a t i o n  t o  d e t e r -  
mine  t h e  Xn and I m  3- i s  t r e a t e d  a s  a p e r t u r b a t i o n ,  t h e n  t h e  i n t e r -  
m e d i a t e  s t a t e s  a r e  e x a c t l y  t h o s e  of  t h e  s h e l l  model. 
ca l  u l a b l e  f rom t h e  two-nucleon i n t e r a c t i o n .  
The i n t e r m e d i a t e  s t a t e s  X a r e  s imply  l i n e a r  s u p e r p o s i t i o n s  
S i n c e 3  i s  complex t h e  e i g e n v a y u e s  En + i r n / 2  a r e  
a r e  n o t  complex c o n j u g a t e s  of 
I f  only t h  
The e f f e c t i v e  
. i n t e r a c t i o n  i s  a s s o c i a t e d  w i t h  a p a r t i c u l a r  c h o i c e  of  H and i s  
of two-body, e n e r g y  independen t ,  l o c a l  p o t e n t i a l s  whose form i s  
t o  be d e t e r m i n e d  f r o m A f i t t i n g  t h e  r e sonance  e n e r g i e s .  From Eq. 
(8). it i s  c l e a r  t h a t z h s s  t h e s e  p r o p e r t i e s  o n l y  i n  some a p p r o x i -  
. mation' .  N e v e r t h e l e s s ,  i n s i g h t  may be g a i n e d  from t h i s  approach  
i f  o n l y  a more comple te  c a l c u l a t i o n  of t h e  r e a , c t i o n  a m p l i t u d e  . 
c o u l d  be c a r r i e d  o u t  w i t h  a m i n i m u m  of a d d i t i o n a l  a p p r o x i m a t i o n s .  
I n  t h e  s h ? l l  model 
, Re 3- i s  t r e a t e d  a s  a phenomenological  i n t e r a c t i o n  which i s  t h e  sum 
4 .  
. 
t 751. I 
i . ,  I - 8  
.. 
A program f o r  t h i s  c a l c u l a t i o n  can,be deve loped  by u s i n g  
t h e  d i s p e r s i o n  r e l a t i o n s  s a t i s f i e d  b y 2  . These a r e  summarized 
in t h e  s i n g l e  e q u a t i o n  I 
n 3 = V +& (E+ - f 4 0 ) - 1  A P C (7) ., * 
( 8 )  
I E ) c  I n  t h e '  app rox ima t ion  t h a t  X m Z < <  R e ' 7  an e q u a t i o n  f o r  t h e  , 
w i d t h s  f o l l o w s  immedia t e ly  from an o p t i c a l  theorem f o r  I m X  I i 
I r n ( E )  = 2n C I < x n I R e A x J ( E ) ) 1 2  , . , 
.In a d d i t i o n  t o  t h e  imaginary  p a r t  of t h e  e n e r g y  c o n t r i b u t e d  by  
I m 3 $  a s m a l l  e n e r g y  s h i f t  i s  a l s o  produced.  
A E ~  = - Z , I < X m I I m W n ) I  / ( E ~  - EJ (9) 2 A 
4 
i 
T h i s  s h i f t  can  be c a l c u l a t e d  from R e Z b y  u s i n g  t h e  same o p s i c a l  
theorem t o  e v a l u a t e  t h e  o f f - d i a g o n a l  m a t r i x  elements,of I m Z .  
F i n a l l y ,  t h e  a s sumpt ion  of an ene rgy- independen t  R e r  can  be 
checked f o r  c o n s i s t e n c y  by u s i n g  t h e  e q u a t i o n  
. -  i 




' I  ' The p r i n c i p a l  v a l u e  i n t q r a l  c a n  be e v a l u a t e d  by u s i n g  . t he  
I e x p r e s s i o n  f o r  t h e  wid th  g iven  i n  Eq.  (8). 
I '  
A p r e l i m i n a r y  c a l c u l a t i o n  based on t h i s  program h a s  been  
I c a r r i e d  o u t  by choos ing  a s q u a r e  w e l l  f o r  t h e  model p o t e n t i a l  f 
i ' state'.  The d e p t h s  were a d j u s t e d  t o  y i e l d  t h e  ~ p g l e  p a r t i c l e  
i e n e r g i e s  f o r  t h e  bound s h e l l  model l e v e l s  i n  0 . The c r u c i a l  
- 1  / p a r t  of t h i s  whole a n a l y s i s ,  however,  i s  t h e  t r e a t m e n t  of t h e  
I and p r o t o n  s c a t t e r i n g  on 0 . Although i t  i s  u s u a l l y  c o n v e n i e n t  
! 
U. The d e p t h  of t h i s  w e l l  i s  d i f f e r e n t  i n  each  a n g u l a r  momentum I- . 
I 
I s t a t e ,  w h i c h  i s  a c t u a l i y  obse rved  a s  a r e s o n a n c e  i n  n e u t r o n  
I d3/Z  
. 
I for U t o  be t h e  H a r t r e e  p o t e n t i a l ,  t h i s  c h o i c e  i s  n e i t h e r  
n e c e s s a r y .  n o r  c o n v e n i e n t  f o r  t h e  d 
chosen  t o  have  t h i s  s t a t e  bound ne%*zero ene rgy .  
between U and t h e  H a r t 5 e e  p o t e n t i a l  t h e n  g e n e r a t e s  a one-body 
t h e  observed  v a l u e  and paodyfjes t h e  
s t a t e  [4] .  I n s t e a d  U i s  
L -- e f f e c t i v e  i n t e r a c t i o n  J which s h i f t s  t h e  r e s o n a n c e  e n e r g y  t o  
The d i f f e r e n c e  I 1 Q  
I w i d t h .  The r e s o n a n c e s  i n  0 and F19 a r e  c o m p l e t e l y  d e s c r i b e d  
I 
b s e rved  s i n g l e  p a r t i c l e  
I 
I :  > I  bv t h e  v i r t u a l  e x c i t a t i o n  of  t h i s  s t a t e .  
i i  
: I  
The s h e l l  model s , t a t e s  of 0 l6  a r e  t o  be found by d i a g o n a l i -  
, z i n g  H +Re 3 t Re a on t h e  bound s t a t e s  of  H . These now 
i n c l u d ?  s t a t e g f o r m e d  5 c o u p l i n g  a h o l e  t o  t h e  b8und d s t a t e .  
u s u a l l y  chosen f o r  it. Flie p a r t i c l e - h o l e  i n t e r a c t i o n  Re 3 w i l l  
! a  t d  t h e r e f o r e  be t h a t  u s u a l l y  found,  e x c e p t  f o r  d i f f e r e n c e s  i n t r o d u c e d  . 
by t h e  u s e  of t h e  more r e a l i s t i c  s i n g l e  p a r t i c l e  wave f u n c t i o n s  
f o r  a f i n i t e  p o t e n t i a l  i n s t e a d  o f  harmonic  o s c i l l a t o r  wave 
f u n c t i o n s .  These p r e l i m i n a r y  c a l c u l a t i o n s  have  been s i m p l i f i e d  
t h e r e f o r e  by the u s e  of  t h e  p a r t i c l e - h o l e  i n t e r a c t i o n  and t h e  
e x p a n s i o n  c o e f f i c i e n t s  found by G. E. Brown and c o l l a b o r a t o r s  [SI. 
In t h e  d i a g o n a l i z a t i o n T  m e r e l y  s h i f t s  t h i s  s t a t e  t o  9Q e, e n e r g y  I 
I *  
i 
' 1  . 
I /  
1 
8 ,  







3/3 I '  
f o r  two r e a s o n s .  F i r s t ,  t h e  d - s t a t e  h a s  been s h i f t e d  upward 
and conscquently hroadcncd by d 9 ~  . Second,  t h e  p a r t i c l e - h o l e  I *  
f u n c t i o n ,  r e f l e c t i n g  d i f f e r e n t  c h o i c e s  of U, and t h e  term i n  
A A A 
I The  w i d t h s  a r e  c a l c u l a t e d  w i t h  He&?= ReJFA + Re JF by I 
1 . u s i n g  these wave f u n c t i o n s  i n  Eq. ( 8 ) .  The p a r t i c l e - h o l e  i n t e r -  
. a c t i o n  en te r s  because  ,it p e r m i t s  t h e  Sxchange of e n e r g y  which 
e n a b l e s  t h e  p a r t i c l e  t o  l e a v e .  en t e r s  because  t h e  d 
s t a t e  is i t s e l f  u n s t a b l e .  The two a m p l i t u d e s  add c o h e r e n t l y  




I The 42 
! '  
I 
I -  
I 
i' * 
2p compensa tes  t o  f i r s t  o r d e r .  
r i '  
0 w i d t h s  and r e s o n a n c e  e n e r g j e s  of  a l l  t h e s e  s t a t e s  shows t h a t  . I 
1 :t 
The w i d t h s  and e n e r g y  s h i f t s  due  t o  damping r e  shown in 
Table I f o r  t h e  J = 1- D a r t i c l e - h o l e  s t a t e s  of 0 . From' the  
w i d t h s  t h e  e n e r g  dependence of t h e  i n t e r a c t i o n  m a t r i x  element i 
i i s  shown i n  t h e  f i g u r e .  The sma l l  ene rgy  dependence o f  t h e  ' 
c ' this i s  a s a t i s f a c t o r y  s h e l l  model d e s c r i p t i o n  of  a l l  t h e  
coup led  t o  p and p 1 l 3  h o l e s .  N e v e r t h e l e s s ,  t h e  model 
a c t i o n  w i t h  t h e  d 3 I 2  
c a l c u l a t i o n  . . .  
18 
a s  g i v e n  by Eq. 10)  h a s  been c a l c u l a t e d e f o r  s e v e r a l  l e v e l s  and 
I 
* .  
. I  . I  3/3  . r e s o n a n c e s  i n c l u d i n g  t h a t  a t  24.3 MeV which i s  p r i n c i p a l l y  d 
* s t a t e  which i s  found i n  ariy c o n s i s t e n t  
I ,  ' 
c o r r e c t l y  i n c  312 udes  t h e  v e r y  s u b s t a n t i a l  c o n f i g u r a t i o n  i n t e r -  
I *. 
R e f e r e n c e s  ! .  
. -  
I 
i t  
1: 'N. M:' MacDonald, Nuc lea r  P h y s i c s  56,  636 (1964)  
t 
2. /w. R r e n i g ,  Nuclea'r Phys. 13, 333 (1959)  ' :  1 
I -  
c I .  
I -  
3. R. H. Lemmer and C. Shak in ,  Ann. o f P h y s .  (N.Y.)  27, 13 (1964) . 
4. 
I 
Le G a r s i d e  and W. M. MacDonald, Phys. Rev. 138, B582 (1965) 
1 .  
I 
1 ., 
I r, \ 
5 .  G. E. Brown, L. C a s t i l l e j o ,  and J. A. Evans,  Nuc lea r  Phys.  
i .  
32, 1 (1961)  . -- -
... 
0 .  




T h i s  work was s u p p o r t e d . i n  p a r t  by t h e  N a t i o n a l  A e r o n a u t i c s  
0 
and Space  Agency unde r  G r a n t  No. NsG-642. I 
i 
I .  
i 
e .  





5.0 - - *  
- . 








* A  
G i  
x 2.0- - 
0 
Q: 





24.3 MEV. STATE - 




t 751 .  TABLE I 
CIE,. 
LEVEL SHlFTi 
I .  
.65 
I 22.2 
.01  I , 20.0 E 13.7 I .36 I .  , f !' 23 .I3 .03 I .03 0 
I NEUTRON AND ?ROTON WIDTHS, TOTAL VJIDTH, AND LEVEL SHIFT DUE TO DAhI0 
...PiNG FOR J=l -  PARTlCLE-HOLE STATES OF 0l6. 
I ,  
! '  
I . .  
c 
. t  
F 
. .  
i 
1 
, .  
' .  
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